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FIGURE 15. A set of cups containing a circular cylin-
der matched to four rectangular boxes of the same height
whose bases form a square that encloses the circular base
can be used to show that the volume of the cylinder
is just a little bit more than the volume of three of
the boxes. Hence the area of the circular base is
just a bit more than three-quarters of the area of the
corresponding square.

The idea of perimeter can be introduced by using a string or a belt,
unmarked at first. The distance around a square tile is four times the
length of the side of the tile, regardless of the size of the tile. If one
circular disc has a radius twice that of another, then a string around
the larger will fit twice around the smaller. A string around a disc will
go around a square with sides equal to the radius a little more than
three times. The crucial fact that the ratio of the circumference of
the disc to the perimeter of the square is the same as the ratio of the
volume of the cylinder to the volume of the surrounding box would be
established only much later. But the fundamental idea that there is a
fixed ratio between the perimeter of the disc and the perimeter of a
square is something that every child should appreciate, long before any
mention of the mysterious number 7t.

The relation between the area and circumference of a circle can be
easily seen by cutting a circle like a pie and reassembling the pieces into
a nearly rectangular shape. The area of a disc turns out to be equal
to the area of a rectangle-like region with one side equal to the radius
and the other equal to half the circumference (Figure 16). Subdividing
the disc into more slices would make the correspondence even more
exact. (Much later students will appreciate the limit concept hidden
in this demonstration.) Unfortunately, there seems to be no such nice
correspondence between the volume of a sphere and the volume of a
rectangular box.